1. lNTRODUCTlON. My young daughters have a popular children's game which involves setting up a system of interlocking gears. Each of the plastic gears can be fastened to a plastic board in a variety of places. The gears come in three sizes and can be adorned with colorful plastic animals and other decorations. This toy can hold their attention for a long time (where 'long time' is defined as longer than five minutes). We will call an arrangement of the gears (which consists of a finite number of gears, some pairs of which interlock and some which don't) workable if whenever any one gear is turned, all the gears turn freely. Children usually discover that it is quite easy to construct an unworkable arrangement of the gears. 
vertices receive different colors. I occasionally give the following question as a homework problem in graph theory courses.
Problem Ao Let G (= G(S)) be a graph obtainedfrom a workable arrangement of gears. What can you say about G? In particular, can you determine the chromatic number of G?
Students realize quicluly that one thing they can say is that G must be planar, that is, G can be drawn in the plane so that edges don't cross. It's not much harder to see that G will correspond to a workable arrangement of gears if and only if G has no odd cycles. (If the arrangement is workable, then it is clear that G has no odd cycles; the other direction can be established by induction on the number of gears, for example.) Since the students have already learned (or are about to learn) that a graph G has no odd cycles if and only if G is bipartite (i.e., G has chromatic number 2), they can prove the following proposition (and solve Problem A). Proposition 1. If G corresponds to a workable arrangement of gears, then G is a planar bipartite graph.
The rest of this paper is devoted to constructing various planar bipartite graphs which are 'nice' in some way. All of the graphs we will consider are assumed to be connected. In Section 2, we discuss regular planar bipartite graphs, i.e., planar bipartite graphs in which every vertex has the same degree. Section 3 is concerned with semi-regular planar bipartite graphs, i.e., graphs in which all the red vertices have degree a and all the blue vertices have degree b for given positive integers a and b. These graphs will be closely related to the Archimedian solids. (In a bipartite graph, we will refer to the vertex partition induced by the 2-coloring by simply saying 'the red vertices' or 'the blue vertices.') 2. REGULAR PLANAR BIPARTITE GRAPHS. If G is a (connected) planar bipartite graph which is regular, then it is easy to show that the number of red vertices and the number of blue vertices must be equal. Problem B. Determine all possible positiue integers r and n such that there is a planar bipartite graph G which is regular of degree r and which has n red uertices (and n blue uertices). . We again leave to the reader the construction of the appropriate graphs for the first two cases above and turn our attention to the case where a = 3 and b = 4. In the smallest possible example, the inequality in (t) will be replaced by equality. Solving for the number of edges then gives e = 24, so m = 8 and n = 6 (since 3m = 4n = e). From Euler's formula, G must have 12 regions. Furthermore, each region of (any planar drawing of) G is bounded by exactly 4 edges. We can now construct G by modifying the graph B6 constructed above (see Figure 2) . As in the modification which produced B7, we again add two new vertices and six new edges to B6, but this time we don't delete any old edges (see FIGURE 3). We denote this graph by C6, 8 We can create an infinite family of semi-regular planar bipartite graphs with a = 3 and b = 4 by modifying the graphs B6k (for any k 2 1) in an analogous way. Add 2k vertices to B6k and join each of these new vertices to three 'blue' vertices of B6k. We denote this family by C6k 8k for k 2 1. See FIGURE 3 for a drawing of C12, 16 which is a modification of B12.
Since we are considering semi-regular graphs, it is not surprising to discover a connection between the graphs we have constructed and another family of semiregular graphs, the Archimedian solids. An Archimedian, or semi-regular solid has the property that its faces are all regular polygons, but of two or more kinds, all its vertices are identical and it can be circumscribed by a regular tetrahedron so that four of its faces lie on the four faces of the tetrahedron. by truncating the eight vertices of an ordinary cube. More on building models of this solid (and many others) can be found in [4] or [6] , both of which have very nice pictures. We can also interpret (C6k 8k)* as the graphs of 3-dimensional solids for larger values of k. Again, each region will be bounded by either a triangle or a quadrilateral and each edge will separate a triangle from a quadrilateral. But two of the regions of C6k 8k are bounded by more than 4 edges, so two vertices of (C6k 8k)* will have degree larger than 4 (and so these solids will not be Archimedianj. For example, in (C12 16)* there will be two vertices of degree 8 and 20 vertices of degree 4. The vertices of degree 8 (which correspond to the internal and external regions of Cl2 16) will be incident to 4 triangles and 4 quadrilaterals each, while the remaining 20 vertices will have 2 triangles and 2 quadrilaterals surrounding them. The reader is encouraged to draw a picture (or even build a model) of (Cl2 16)* which is 'close to Archimedian. ' We can now apply the ideas developed above to the case where a = 3 and b = 5. Again, in the smallest possible example, tlTe inequality in (O will be replaced by equality. Thus, we are looking for a planar bipartite graph in which there are 60 edges, and so m = 20 and n = 12. From Euler's formula, this graph will have 30 regions, each of which is bounded by exactly 4 edges. We can construct such a graph using some of the ideas developed above; we denote the graph D12 20. See FIGURE S for a drawing of this graph. two-colorable (see FIGURE 4) . This Archimedian solid is the icosidodecahedron, and it can be constructed by truncating the twenty vertices of a dodecahedron.
As in the a = 3, b = 4 case, we can generalize the procedure to construct an infinite family of planar bipartite graphs, denoted Dl2k 20k, with a = 3 and b = 5. We modify D12 20 in a way which is similar to the way we modified C6 8 above to produce this family. See FIGURE 6 for a drawing of D24 40, which has 64 Table 4 .12 of [4] .) As far as I know, the models for the higher order graphs C6k 8k and D12k 20k and their duals (for k > 1) have not been considered before.
Finally we remark that the question concerning which of these graphs can actually be realized as gear arrangements, which was the motivation behind these examples, remains open. Many of the graphs in this paper can easily be shown to correspond to gear arrangements.
We conclude by summarizing the results of this section. 
